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Wave energy converters and other offshore structures may exhibit instability, in which one mode of motion is excited parametrically by motion in another. Here, theoretical results for the transverse motion instability (large sway oscillations perpendicular to the incident wave direction) of a submerged wave energy converter buoy are compared to an extensive experimental dataset. The device is axi-symmetric (resembling a truncated vertical cylinder) and is taut-moored via a single tether. The system is approximately a damped elastic pendulum. Assuming linear hydrodynamics, but retaining nonlinear tether geometry, governing equations are derived in six degrees of freedom. The natural frequencies in surge/sway (the pendulum frequency), heave (the springing motion frequency) and pitch/roll are derived from the linearized equations. When terms of second order in the buoy motions are retained, the sway equation can be written as a Mathieu equation. Careful analysis of 80 regular wave tests reveals a good agreement with the predictions of sub-harmonic (period-doubling) sway instability using the Mathieu equation stability diagram. As wave energy converters operate in real seas, a large number of irregular wave runs is also analysed. The measurements broadly agree with a criterion (derived elsewhere) for determining the presence of the instability in irregular waves, which depends on the level of damping and the amount of parametric excitation at twice the natural frequency.
Introduction
This investigation is inspired by results from model-scale laboratory tests carried out by Carnegie Clean Energy. A scaled model of a device called CETO was used, which is a buoyant submerged taut-moored point absorber wave energy converter (WEC). The device in this configuration resembles a rather flat circular cylinder (axis vertical). In all tests, uni-directional waves were imposed, with regular and irregular wave conditions used. Owing to the axi-symmetry of the device, one might expect that the response would be confined to a vertical plane perpendicular to the wave crests, i.e. the surge, heave and pitch motions. However, in a number of tests, significant sway and roll motions were measured. Additionally, it was noted that the dominant horizontal plane responses of the device were not always coincident with the driving wave frequency/frequencies. Such observations are characteristic of instability, a topic investigated in various contexts in the literature, with some examples discussed in the next section.
In this paper, we develop a simple model, with linear hydrodynamics and weakly nonlinear geometry, with the aim of predicting the occurrence of Mathieu-type instability in sway. Model predictions are compared with an extensive experimental dataset of regular wave tests. Existence of noticeable transverse (sway) motion in irregular wave runs is also investigated with the help of our model.
(a) Motion instabilities in offshore structures and WECs
Much research has been devoted to the study of nonlinear responses of floating offshore structures, with either taut or slack/catenary moorings. A number of investigations interpret and explain large nonlinear motions as a Mathieu-type instability, arising due to a time-varying stiffness coefficient for the restoring force/moment. Rainey [1] sets out a theoretical framework for studying nonlinear motions of offshore structures and provides experimental examples of various motion instabilities. Haslum & Faltinsen [2] study Mathieu instability in spar buoys. An example of instability in heave motion is presented as a result of the time variation of the waterplane area for a buoy with variable cross-section. A coupled heave-surge-pitch model is discussed, with the pitch governing equation being a Mathieu equation with the restoring term dependent on the time-varying submerged volume and time-varying position of the centre of buoyancy, and the heave governing equation containing second-order excitation forcing dependent on surge and pitch. Koo et al. [3] also investigate Mathieu instability of spar buoys and similarly present the variable spring coefficient in the pitch equation as a function of the heave position. McIver [4] proposes a mechanism for transverse (sway) instability of a submerged tethered sphere due to time-dependent tension. Similarly, Ma et al. [5] report on nonlinearities in the response of a floating taut-moored buoy system whereby a Mathieu-type instability in the buoy pitch motion arises as a result of time-varying tether tension. Ogihara [6] studies the motions of a tethered floating spherical buoy and examines transverse motion Mathieu-type instability. Sway instability in tethered spheres is also investigated by [7] , who consider different mean submergence depths. Most of the work to date focuses on surface-piercing floating structures, with instabilities in heave, sway, pitch and roll motions, when the frequency of the time-varying stiffness coefficient is close to twice the natural frequency of the mode under consideration. Large motions of oil and gas offshore structures are undesirable, as operations can be disrupted or damage caused, and hence such structures may be designed to mitigate the instabilities.
Motion instabilities in wave energy converters have recently been investigated by a number of authors. Babarit et al. [8] study a pitching WEC, called SEAREV, which is found to be prone to parametric roll and yaw motion under specific wave conditions (with wave frequencies close to twice the natural roll frequency). As the roll and yaw motions increase, the device pitch decreases, resulting in a drop in power extraction. Tarrant & Meskell [9] examine an axisymmetric heaving device called Wavebob. Undesired amplification of roll and pitch modes is observed in experiments and numerical simulations. Similarly, parametric roll and pitch are studied for a floating axi-symmetric oscillating water column by [10] . For the wave energy converter studied in this work, the transverse instability mechanism arises as a result of sway and heave coupling in the integrated power take-off/tether system, which can be interpreted as a time-varying restoring force coefficient in the sway governing equation (as will be shown later). In general, motion instabilities in WECs are undesirable as they appear to be associated with a reduction of the productive mode of motion. Wave-activated WECs free to move in multiple modes may be particularly prone to instabilities as they are designed to undergo large-amplitude motions. The works quoted above have generally focused on modelling and/or experiments in regular waves. Here we commence with an analysis of regular wave tests but proceed to analysing irregular wave tests, which much more closely resemble real sea states.
(b) CETO single-tethered buoy
Wave energy converters are devices designed to extract energy from ocean waves to do useful work, i.e. the kinetic and potential energy of ocean waves is converted into electricity. One incarnation of the CETO technology developed by Carnegie Clean Energy consists of a large cylindrical buoy, which is shallowly submerged (i.e. submergence radius). The buoyant WEC is attached to a foundation on the sea bed via a tether (figure 1), which is pre-tensioned to keep the device submerged. Under wave action, the device can move in six degrees of freedom (translational motions surge, sway and heave, and rotational motions roll, pitch and yaw). In marine renewable energy terminology, the device is a wave-activated WEC, with the reaction point being the foundation on the sea bed. Because of the axi-symmetry of the device, power can be effectively extracted from the waves irrespective of the angle of incidence. As will be shown later, power is primarily extracted from heave (the up and down motion of the buoy) as the other modes are only weakly coupled to the power take-off (PTO).
As the device is submerged, there is no hydrostatic stiffness, and any restoring force must be provided mechanically via the power take-off. In the prototype device, the PTO is hydraulic, with a hydraulic pump being suspended underneath the buoy (figure 1). In operational conditions, the mechanical stiffness coefficient is chosen to maximize power capture, typically by aligning the heave natural frequency with the energetic incoming wave frequencies. One consequence of the absence of hydrostatic stiffness is that the device can be tuned to resonate in a large range of conditions. Two sets of model-scale experimental campaigns were carried out by Carnegie Clean Energy, details of which are given in §3. Since it is not feasible to use a hydraulic PTO in small-scale experiments, a tether, winch and pulley system was employed to act as a power take-off. The pulley was attached to the bottom of the basin, and the tether passed through it onto the computer-controlled winch, which was positioned above water (figure 1). The winch torque as well as the length of the reeled and un-reeled tether were continuously measured. As such, a prescribed tension force function (such as the one given in equation (2.7)) can be achieved. The dynamic change of the tether length is referred to as the PTO extension, and this corresponds to the piston stroke in the full hydraulic pump PTO. The rate of change of the tether length is referred to as the PTO velocity, and this corresponds to the piston velocity in the prototype system.
Model derivation
Let us define a fixed coordinate system centred at the initial position of the buoy's centre of gravity (X 0 ), with horizontal axes x and y and vertical axis z, with the incident waves assumed to propagate along the x-axis. Let X = [X Y Z] T be the translational motions of the buoy's centre of gravity along the fixed coordinate system axes, i.e. surge, sway and heave. The superscript T denotes the vector transpose. Let θ = [θ x θ y θ z ] T denote the buoy's rotational motions about a translating coordinate system, which is centred at the buoy's instantaneous centre of gravity X and whose axes are parallel to the fixed coordinate system. These extrinsic rotations are referred to as roll, pitch and yaw, respectively. Aspects of the derivation that follows are analogous to the work of [11, 12] , for example. 
where R is the standard 3 × 3 rotation matrix (a function of θ x , θ y and θ z ; and given in the electronic supplementary material), r is the distance between the buoy's centre of gravity and the attachment point, d is the distance between the buoy's centre of gravity and centre of buoyancy, and L is the initial/static tether length from pulley to buoy (when X = 0, θ = 0). We note here that a nomenclature table with all variable symbols and definitions used in the paper is provided in the electronic supplementary material. The instantaneous tether vector, from the attachment point A to the anchor point S, is given by T = S − A. PTO extension L and PTO velocity L , which represent the change in tether length and the rate of change of the tether length respectively, are thus defined as
where | . | represents the magnitude of the vector under consideration (i.e. the Euclidean norm). The full expression for PTO extension is
When the buoy rotations are neglected, the expanded expressions (2.2) and (2.3) simplify considerably such that
whereẊ,Ẏ andŻ are the surge, sway and heave velocities, respectively. The governing equations, in six degrees of freedom, are derived below. The forces considered to be acting on the WEC are buoyancy minus self-weight, hydrodynamic forces and tether forces. The net buoyancy force F B acts vertically upwards. For a fully submerged buoy considered here, the expression is independent of the instantaneous body position, and is given by
where ρ is the fluid density, V and m are the buoy volume and mass, and g is the magnitude of the gravitational acceleration. The buoyancy force moments M B are 6) where × denotes a vector cross product. The yaw moment is precisely zero. When the centre of gravity and the centre of buoyancy coincide, the moments vanish completely. The tether, or power take-off, forces F PTO act along the tether. For the laboratory experiments (presented in §3) the PTO implementation is composed of a pre-tension force, a linear spring restoring force and a linear damping force, such that
where C is the pre-tension term (equal in magnitude to the net buoyancy force |F B | = ρVg − mg), K is the linear spring coefficient and B is the linear damping coefficient. The terms in brackets represent the tether tension magnitude, and the fraction term represents a unit vector along the tether. The moment due to the tether forces is given as
Assuming linear hydrodynamics, the radiation and diffraction problems are decoupled, and the governing equations are given by 9) whereẌ andθ are the buoy's translation and rotation accelerations, and M is the 6 × 6 mass and moments of inertia matrix. Under the assumption of small angular motions, and also due to the definition of our coordinate system, non-zero entries appear only along the main diagonal of M. F exc and M exc are the hydrodynamic excitation forces and moments, which are due to the incident and diffracted waves. F rad and M rad are the radiation forces and moments, which are due to the hydrodynamic pressure resulting from the buoy's motion. As only planar incident waves in the x-direction are considered, and the buoy is cylindrical, F exc (2) = 0 and
The system can be thought of as a damped elastic pendulum, when the buoy is modelled as a point mass and the buoy's rotations are neglected. Because the body is submerged and buoyant, the restoring force here is the net buoyancy, instead of gravity in a conventional pendulum. One of the earliest works on an undamped elastic pendulum (also referred to as a swinging spring) in the absence of external forces is given by Vitt & Gorelik [13] (English translation in [14] ). The authors identify that, at a 2:1 ratio of frequencies of vertical/springing and horizontal/swinging motions, one motion mode can induce the other. We will return to this in §2b. A large number of references for studies related to the elastic pendulum can be found in [15] .
(a) Linearized model
The governing equations can be linearized, by retaining only first-order terms from a multivariable Taylor expansion of the buoyancy moments and the power take-off forces and moments. 
where a ij and b ij denote the frequency-dependent added mass (or added moment of inertia) and radiation damping coefficients, respectively, and I jj are the buoy's moments of inertia. As the buoy is axi-symmetric (and the mass matrix M has been assumed to be diagonal), the only crossmode coupling elements are a 15 To first order, the heave equation is uncoupled from the other modes. Heave is the only mode producing power (at this simplest approximation), as the other modes are not coupled to the PTO. The surge and pitch motions (and similarly sway and roll motions) are coupled, both hydrodynamically and through the tether. The restoring force for these modes is due to buoyancy/pre-tension. In our simplified model above, these motions are damped only through wave radiation, which is relatively small.
Excluding the excitation and damping terms, natural (undamped) angular frequencies ω n = 2π f n in the above modes can be easily computed by assuming the variables are time-harmonic. The heave natural frequency
depends on the mechanical stiffness K, and as such can be tuned (within limits) to the incoming waves.
For the coupled surge-pitch (and sway-roll) equations, an eigenvalue problem arises, with the eigenvalues ω 2 n representing the square of the natural frequencies and the eigenvectors v n representing the associated mode shapes. Though slightly lengthy, the expressions are simple to derive for our 2 × 2 system. The natural frequencies ω n15± and ω n24± may be expressed as
and the eigenvectors v n15± and v n24± are given by
where When the surge-pitch (and sway-roll) coupling is weak, the natural frequencies given above can be approximated as
The approximation is valid for a flat buoy with a long tether, whereby a 15 and all terms proportional to r/L are assumed negligible. The surge/sway natural frequency ω n1 above represents the natural frequency of a rigid/non-elastic pendulum (here immersed and upsidedown), with the net buoyancy providing the restoring force. We refer to this natural frequency as the pendulum frequency. Tests of two different models are discussed in this paper; the details of the models are given in table 1. Both models are approximately cylindrical and have diameter 1 m; model 1 is thinner than model 2. For both models, the computed natural frequencies, as well as the approximations, are displayed in figure 2, together with (normalized) experimental motion spectra. The measurements are from irregular wave runs (more details on the experimental campaigns are provided in §3). The hydrodynamic coefficients for a submerged truncated vertical cylinder are computed according to the analytical solution of [16] [17] [18] . The plots suggest that the computed values are reasonably accurate, including the approximations from equations (2.13) and (2.14). It is interesting to note that ω n1 < ω n5 , which has also been shown theoretically and experimentally by [5] for their floating cylindrical buoy. We also note that model 1 was constructed from elements of different densities (to represent the mass distribution in the prototype WEC) and as such the centre of gravity was below the centre of buoyancy. The additional term, proportional to ρVgd, in the governing equations must be included to produce an accurate estimate of the pitch/roll natural frequency.
The unit eigenvectors for model 2 calculated according to equation ( between surge and pitch motions, from cross-spectral analysis of the experimental measurements (the same irregular wave test from figure 2b). The observed behaviour at ω n15± matches the theoretical prediction. Figure 3b displays components of a unit vector of the experimental surge and pitch motion amplitudes (calculated from the motion spectra in figure 2b ). At the natural frequencies, the agreement with the theoretical unit eigenvectors is very satisfactory. In the spectral plots above, we have noted that the surge and pitch responses do not coincide with the incident wave frequencies. Clearly, the simplified governing equations, given by equation (2.10), cannot capture this nonlinear phenomenon. In the next section, we therefore extend our model in order to try to explain experimentally observed nonlinear behaviour such as response period-doubling. 
(b) Second-order model
Retaining terms of up to second order in the buoy motion variables, an extended set of approximate governing equations can be derived. As we are interested in stability, we consider only the homogeneous form of the extended governing equations. The homogeneous equations for surge and sway are identical, and so are the roll and pitch homogeneous equations.
In the above, m y = m + a 22 , m z = m + a 33 and m θ = I xx + a 44 . Note that all terms proportional to r/L have been omitted as the ratio is negligible for the tethered system geometries considered here. Additionally, the mass matrix M has been assumed to be diagonal, and all cross-mode added mass and radiation damping coefficients, such as a 15 and b 15 , are also neglected. The yaw equation, with the assumption r/L 1, yields no non-inertial terms.
The first three terms in each of the equations above are linear, the subsequent terms are second order. We note the inconsistency in the above model of retaining a frequency domain representation of the radiation forces and moments in a time domain equation with nonlinear coupling between different modes of motion. A similar approach was taken by [5, 19] for example. The surge/sway governing equation contains product terms YZ and YŻ, and similarly the pitch/roll governing equation contains product terms θ x Z and θ xŻ . The heave governing equation contains product terms such as X 2 and YẎ and others, which can be thought of as additional driving/exciting force components. This suggests that small sum and difference (horizontal motions) frequency components might also be present in the heave response, in addition to the dominant response at the wave frequency.
We empirically observe the experimental heave response in regular waves to be approximately sinusoidal (at the wave frequency ω), as the linear heave equation in (2.10) might suggest. Similarly, under irregular wave forcing, the bulk of the heave response coincides with the underlying wave frequencies, as can be seen in figure 2. Assuming heave to be harmonic, the governing equation for sway may therefore be recast in such a way that it represents a damped mass-spring system, with a constant and a time-varying spring coefficient such thaẗ
This is the classical (damped) Mathieu equation, in which α and φ represent the amplitude and the phase of the time-varying spring coefficient. Without loss of generality, the phase can be chosen to be zero. The amplitude expression, in terms of harmonic heave amplitude A Z , is
We reformulate the equation using ωt = 2τ , such thaẗ
where the derivatives are now with respect to τ . The non-dimensional damping coefficient is given by μ = b 11 /ωm y , and the non-dimensional spring coefficients are given by δ = 4(ω n1 /ω) 2 and = 2(α/ω 2 ). According to Floquet theory, the Mathieu equation admits both bounded and unbounded solutions (see, for example, ch. 3 in [20] ). The boundaries between the stable and unstable behaviour are characterized by the existence of periodic solutions with an angular frequency of 2 and 1 (i.e. Y(τ ) = Y(τ + π ) and Y(τ ) = Y(τ + 2π ) for all τ ). Here we adopt the harmonic balance method to find where these periodic solutions occur and thus identify the stability curves (e.g. [21] ). More details on the harmonic balance method are provided in the electronic supplementary material.
The calculated stability diagram is presented in figure 4 , with the red and blue curves corresponding to the undamped and damped Mathieu equation, respectively. The hydrodynamic damping in surge/sway is small due to the flat device geometry, and a value of μ = 0.1 was chosen to be representative of the most damped cases considered here. Regions above the curves correspond to unstable solutions, whereas regions below the curves represent stable solutions. Note that, with damping included, the unstable regions shrink. However, the regular wave runs analysed here fall within 0 ≤ δ ≤ 3 and 0 ≤ ≤ 1 (highlighted in grey in the bottom left corner of figure 4), and as such it is sufficient to consider the undamped stability curves.
We also note that the unbounded solutions of equation (2.18) within the instability region of interest considered here (centred around δ = 1) are of the form Y(τ ) ∝ P(τ )e λτ , where P(τ ) is periodic with an angular frequency of 1. When expressed in terms of t again, this corresponds to P(t) being periodic with angular frequency of (1/2)ω. These unstable sway motions thus exhibit a period-doubling (frequency-halving) phenomenon, whereby the underlying period within the unstable solution is twice the wave period (i.e. twice the period of the harmonically-varying spring coefficient).
Let us briefly return to the work of [13] on an undamped elastic pendulum. According to Floquet theory discussed above, a purely heaving motion close to twice the natural pendulum frequency can give rise to large horizontal motions, given a small perturbation. The horizontal motions arise due to parametric resonance. Also, though via a different mechanism, any horizontal motion gives rise to vertical motion. The resulting vertical motion is at twice the frequency of the horizontal motion owing to direct forcing by terms such as X 2 and YẎ in the heave governing equation in (2.15). These frequency sum terms arise in a similar manner to Stokes harmonics in the theory of nonlinear water waves.
We are interested in whether this model is useful in predicting the occurrence of instability of sway motion in regular wave experiments. Rather than solving the coupled equations to calculate α, and hence , we use the measured heave amplitude from the experiment. Details 
Laboratory experiments
Carnegie Clean Energy tested the two models discussed above in two model-scale experimental campaigns; model 1 was tested in the Ocean basin at the Coastal, Ocean And Sediment Transport laboratory (COAST lab) at the University of Plymouth, UK, and model 2 in the FloWave Ocean Energy Research Facility at the University of Edinburgh, UK. Model details are given in table 1. In each campaign, the free surface elevation at a number of locations around the WEC was measured by wave gauges. A Qualisys motion-capturing system was used to track the buoy's instantaneous position (in six degrees of freedom). A programmable tether, winch and pulley system was employed to act as a power take-off, allowing a range of linear spring and damping coefficients to be achieved (see fig. 1 in [22] ). PTO extension and tether tension were also recorded. A large number of tests, using regular and irregular wave conditions, were carried out. All tests utilized uni-directional waves. The recorded motion time series (scaled by the largest heave motion of that run), together with the corresponding (scaled) spectra, are shown in figures 6 and 7. From the sway time series, it is apparent that the stability prediction is satisfactory. For runs 3 and 4, there is minimal sway motion. We also note that the surge response is at the driving wave frequency ω. These runs are predicted to lie in the stable solution region. Runs 5, 7 and 8 exhibit the phenomenon of sub-harmonic (period-doubling) response in sway, while the surge response is predominantly bichromatic (with higher harmonics as well). Surge components at the wave frequency ω are due to the linear forcing of the incoming waves, whereas the sub-harmonic surge components at half the wave frequency are due to the nonlinear coupling between heave and surge. These three runs are predicted to lie within the unstable region or in the vicinity of the stability boundaries. We note that there is of course a degree of uncertainty and error associated with the calculation of δ and values, and this could account for the fact that run 5 is predicted to lie just outside the unstable region. As noted already, and seen in the heave time-series plots in figures 6 and 7, the heave response is close to sinusoidal (at the wave frequency ω). However, other frequency components can be seen in the spectral plots for heave (when shown on a logarithmic scale). The second-order product terms in the heave equation (2.15) can give rise to sum and difference (surge, sway, roll, pitch) frequency components. For runs 3 and 4, where the surge response is at the wave frequency, a 2ω super-harmonic term (as well as a mean term) is discernible in the heave spectra. Note that higher integer-order super-harmonics can also be seen. For runs 5, 7 and 8, however, the horizontal motions are at (1/2)ω and ω, and as such the heave response contains multiple halfharmonic terms, such as (3/2)ω super-harmonic and (1/2)ω sub-harmonic components (as well as a mean term and the 2ω super-harmonic).
Traces of the measured buoy motion are displayed, in plan view, in figure 8 . The buoy orbit from the unstable run 5 corresponds to surge oscillations at the wave frequency ω and sway at (1/2)ω. The trace bears a close resemblance to the experimental work of [6] . The buoy orbit from the unstable run 7 corresponds to both surge and sway oscillations being at (1/2)ω.
(b) Regular wave tests: model 2
The experimental programme testing model 2 at FloWave comprised 75 regular wave tests, spanning five wave amplitudes at three wave periods, such that each wave period was tested with five different PTO settings (i.e. different values of mechanical damping and spring coefficients B and K, respectively, while the pre-tension force C was kept constant across all tests).
In the experimental PTO system, the tether connected to the buoy passed through a pulley on the basin floor (as shown in figure 1 ) onto a winch located outside the wave basin. The PTO extension was measured and controlled by the winch system, which had been programmed according to equation (2.7) . The tether had a very small degree of elasticity (approximately 0.2% per 1000 N). However, because of the considerable distance from the buoy to the winch, these elastic elongations were comparable to the PTO extensions (administered by precise rotations of the winch). As such, the PTO extension values (measured by the winch) did not correspond to the actual PTO extension (as given from the buoy's position; see equations (2.2) or (2.3)). Thus, in the post-processing of the measurements, approximate best-fit values of K and B had to be inferred from the PTO force time series measured by a load cell and the PTO extension and velocity time series calculated from the Qualisys tracking system measurements of the buoy's position. With these adjusted values of K and B, as well as C, L and the experimental heave amplitude A Z , the 75 regular wave tests are plotted in (δ, )-space on a zoomed-in stability diagram (for the undamped Mathieu equation) in figure 9 . Each run has been colour coded by examining the recorded buoy motion time series. Red markers represent unstable runs with notable perioddoubling sway motion. Green markers correspond to stable runs with minimal sway motion. Blue markers correspond to runs with observed bichromatic sway motion. If our model prediction worked perfectly, all markers within the unstable region would be red, and all markers below the stability curves would be green.
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For the longest wave period, the tests span both the stable and unstable regions (see the right-hand-side column of markers in figure 9 ). For smaller wave amplitudes, with corresponding lower values of , the sway motion is stable. For larger wave amplitudes, the sway motion becomes unstable. The unstable sway response exhibits period-doubling. The instability prediction is very encouraging.
For the middle wave period, all runs are predicted to lie within the unstable region (or very close to the stability boundary). The measured sway motion was indeed considerable in all but a couple of the runs. This wave period is closest to being half the natural surge/sway period; under such conditions, sway instability is likely. In one of the runs, indicated by a blue marker, the sway motion was not at half the wave frequency but was bichromatic. All other runs exhibited period-doubling in sway (indicated by red markers). Overall, the instability prediction for this wave period is very good.
Our prediction of sway instability for the shortest wave period places all the runs in the stable regime. The larger wave heights tested exhibited minimal sway motions (indicated by green markers), thus agreeing with our prediction. However, under smaller wave heights, sway motion was observed (indicated by blue markers). The sway response does not exhibit period-doubling but appears bichromatic with components at (1/2 ± )ω. Moreover, it appears that (1/2 − )ω ≈ ω n1 and as such one of the sway response components is close to the natural sway/surge frequency. This behaviour cannot be explained with the simple model presented here. Evidently, for these higher frequency runs, the frequency is approaching the ω n15+ natural frequency at which roll dominates. Thus, the coupled second-order sway-roll equations, which could give rise to additional combination resonance instability branches with characteristic bichromatic response (see [23] [24] [25] for example) in addition to roll instability branches, have been considered. However, the observed behaviour could not be attributed to combination resonances, nor to roll instability (for small , figures 4, 5 and 9 clearly show that increasing cannot lead to stabilization, according to this model). Of course, there is a huge range of behaviours possible in Mathieu-type equations when further nonlinear terms are included, but examining such models is beyond the scope of the present article. Alternatively, experimental limitations could be responsible for these inconsistent results. We note that the input, as well as the re-calculated, stiffness and damping coefficients were largest for the shortest wave period tested. As such, the measured (by the winch) PTO extensions were very small (with amplitudes of the order of a few millimetres). The elastic extensions of the tether contributed significantly to the actual PTO extension. Figure 10 displays examples of the measured buoy motions, in time-series and spectral forms. The top plots are from a middle wave period run whereby the buoy was subject to period-doubling sway instability. The bottom plots are from a shortest wave period run whereby the buoy sway motion was primarily at the surge/sway natural frequency. Figure 11 . Model 1 irregular wave runs: response spectra from six runs with different peak period T p ranging from 3.51 s (a) to 1.32 s (f ). Note that the heave and wave spectra are scaled.
was observed in some, but not all, of the irregular wave experiments carried out. Figure 11 shows response spectra from six irregular wave runs with different peak periods and different PTO coefficients. Note that, in each plot, the heave and input wave spectra have been scaled in order to present the four curves on the same axes. The peak periods tested were from 1.32 to 3.51 s (6-16 s in full scale), which spans the typical sea and swell wave periods. It is interesting to note that, across this large period range, the dominant surge motion is always at the natural surge/sway frequency (the pendulum frequency), as it is driven either linearly or nonlinearly.
In figure 11a ,b, minimal sway has been recorded, and the surge motion is driven linearly (through direct forcing by the incident waves). As expected, the peak in surge response is around the surge/sway natural frequency f n1 . In figure 11d -f, we notice that there is no input wave energy coinciding with the surge and sway responses (around f n1 ). In these three runs, any horizontal motions must be driven nonlinearly. It is evident that the heave and surge/sway coupling (with the heave motions at frequencies around 2f n1 inducing the period-doubling horizontal response) makes a significant contribution since sway motions are a large fraction of surge motions. The extra surge motion (beyond sway) may be due to difference frequency excitation, arising from second-order hydrodynamic effects (e.g. [26] ).
Brouwers [27] studied a weakly damped mass-spring system in which the restoring force contains a small, randomly fluctuating component (as opposed to a sinusoidally varying component). In this theoretical work, both linearly and nonlinearly damped systems are analysed, though here we refer only to the results for a system with linear damping. The non-dimensionalized equation considered in [27] is
where Y is sway motion as before, β 0 is the non-dimensional linear damping coefficient and F(T ) is a stationary Gaussian random process with a zero mean. Assuming sufficiently long irregular wave tests, small wave nonlinearities and a linear transfer function relation between waves and the heave motion, our sway governing equation can be assumed to be of the form of equation (3.1). Additionally, we have neglected the frequency dependence of the linear damping coefficient. For this system, Brouwers [27] derives a simple and elegant criterion for the presence of instability, though we note that the derivation is lengthy and complicated. The criterion relates the parametric excitation at twice the natural frequency (given by S 2 ) and the amount of linear damping in the system. Stability is ensured when
is satisfied. This supports the intuitive comment made above on the basis of the period-doubling response in regular wave tests reported earlier.
In Brouwers work, the time has been non-dimensionalized via ω n1 t = T , and as such all derivatives in equation (3.1) are with respect to T . The time-varying spring coefficient F(T ) can be written as a sum of harmonic components, via equations (2.15) and (2.17), such that
where N is the number of frequency components, A Fi and A Zi denote the amplitudes of the ith harmonic component of the fluctuating spring coefficient F(T ) and of the heave motion Z(T ), respectively, and φ i is a random phase within [0, 2π ]. Denoting the power spectral density of F(T ) and Z(T ) by S and S Z , respectively, it follows that S(2π/T ) = f n1 S(1/t) and S Z (2π/T ) = f n1 S Z (1/t) through the application of the Jacobian. Let S 2 be the power spectral density of F(T ) at 2π/T = 2, which is the non-dimensionalized frequency that corresponds to twice the pendulum frequency. From the above, it follows that S 2 can be calculated from the heave power spectrum as
To support our proposition that the nonlinear sway response can be explained by Mathieu-type instability, we analyse a total of 120 irregular wave runs across six peak periods T p , four significant wave heights H s and five different PTO settings for K and B. Figure 12 shows the measured sway variance plotted against (π/4)S 2 , with S 2 calculated from the measured heave spectra as per equation ( Our estimate of the damping coefficient is obtained from the measured data in a simple manner. As no free decay tests were carried out, the value is determined by fitting a linearly damped solution to the decaying surge/sway buoy motions captured at the end of runs with incident waves (after the waves and heave motion have essentially ceased). We note in passing that the estimated value is approximately an order of magnitude higher than the surge/sway radiation damping b 11 at f n1 , which is very small for this rather flat cylinder. The stability criterion of [27] , reproduced in equation (3.2) , is an asymptotic solution for very large times. Here, the irregular wave runs analysed are of relatively short duration (≈120 cycles at f n1 ). Nevertheless, the agreement appears very encouraging, thus demonstrating the instability mechanism and highlighting the usefulness of the stability criterion.
Conclusion
Transverse (sway) motion instability may occur in a submerged tethered buoy system. In modelscale experiments, the buoy exhibited large out-of-plane (sway and roll) oscillations, when subjected to uni-directional head seas. The governing equations confirm that all modes of motion are coupled through the tether/power take-off. The equations may be linearized to determine the natural frequencies. The pendulum natural frequency depends on the net buoyancy, tether length and the buoy mass plus added mass.
Within the framework of linear hydrodynamic theory, but allowing for weakly nonlinear geometry of the system, the form of governing equations has allowed us to explain the nonlinear phenomena observed experimentally. The sway equation can be recast into a Mathieu equation. Here, the time-varying stiffness coefficient is dependent on heave, which we have assumed to be harmonic (based on the experimental data and the linear governing equations). Careful analysis of the experimental measurements shows that the data agree well with the model instability prediction for 80 regular wave runs from two different testing campaigns using different models. Large sub-harmonic (period-doubling) sway motion is observed in most tests which are predicted to lie in the first instability branch of the Mathieu equation. Some inconsistencies remain, and it is clear that there is a rich variety of behaviours this seemingly simple system can exhibit.
Irregular wave tests more closely approximate real-world conditions, and analysis of 120 irregular wave runs revealed that the bulk of the horizontal motion was at the pendulum frequency. For surge motion, the response at the pendulum frequency can be driven either linearly (through direct forcing by the incident waves) or nonlinearly (through parametric resonance induced by incident waves at twice the pendulum frequency, or through difference frequency excitation). Sway motion can of course only be driven nonlinearly by the parametric mechanism. Across the tests, a clear positive trend was found between the total horizontal motions and the amount of parametric excitation at twice the pendulum frequency. The data also broadly agree with a stability criterion for irregular wave tests, which compare this parametric excitation with the linear damping (adapted from [27] ).
Unstable motions appear to be a common feature of wave energy devices. A philosophy of extracting maximum energy from motions in one degree of freedom means that there is likely to be ample excitation available to trigger parametric instability. The key questions are whether there are natural frequencies in other modes in the appropriate ranges and what damping is available in those modes. In this paper, we have only dealt with the onset of instability and not with the limiting amplitude-this clearly requires consideration of the full nonlinearity in the PTO and hydrodynamics. If the nonlinear hydrodynamic damping is Reynolds number dependent, then wave basin tests are unlikely to provide good predictions of the limiting amplitudes at full scale. The implications of unstable motions have not been discussed in the paper. If the amplified non-productive motions are accompanied by reduction of the heave motion (the dominant mode feeding into the power take-off for the WEC considered here) then clearly the instabilities are unfavourable in terms of power absorption. Other complications related to fatigue might also arise. For the WEC studied in this work, it would be possible to design the system to eliminate the instability, for example by installing the device in much deeper water, thus reducing the pendulum frequency and effectively moving the operational conditions of the device to the left of the first instability branch. However, the economics of installation in such deep water are likely to be prohibitive. Alternatively, adding a power take-off to the unrestrained modes of motions would mitigate these large spurious oscillations and enhance global power production, but at the cost of increased design complexity (and would not necessarily rule out other instabilities). Theoretical work on multi-tether submerged devices has been carried out by [28, 29] , for example.
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